Abstract Erdős asked whether every sufficiently large set of points in general position in the plane contains six points that form a convex hexagon without any points from the set in its interior. Such a configuration is called an empty convex hexagon. In this paper, we answer the question in the affirmative. We show that every set that contains the vertex set of a convex 9-gon also contains an empty convex hexagon.
Introduction
In 1935, Erdős and Szekeres [5] proved that for each positive integer n there exists a smallest positive integer g(n) such that every planar set of at least g(n) points in general position contains n points that are the vertices of a convex n-gon. Here, general position means that no three points are collinear.
The best known bounds for g(n) are 2 n−2 + 1 ≤ g(n) ≤ 2n−5 n−2 + 1. The lower bound is due to Erdős and Szekeres [6] and the upper bound was established recently by Tóth and Valtr [11] . The lower bound is sharp for n ≤ 5 and is conjectured to be sharp for all n by Erdős and Szekeres [5, 6] . For a survey of results related to the Erdős-Szekeres theorem, see [1, 2, 9, 11] .
In 1978, Erdős [3, 4] posed the problem of determining the smallest positive integer h(n), if it exists, such that any set X of at least h(n) points in general position in the plane contains n points that are the vertices of an empty convex polygon; that is, a convex n-gon whose interior does not contain any point of X. Trivially, h(n) = n T. Gerken ( ) Zentrum Mathematik, Technische Universität München, Boltzmannstr. 3, 85747 Garching, Germany e-mail: gerken@ma.tum.de for n ≤ 3. It is easy to see that h(4) = 5. In 1978, Harborth [7] proved that h(5) = 10, while Horton [8] showed in 1983 that for all n ≥ 7, h(n) does not exist. The problem of determining the existence of h (6) has since been open. Based on computer experiments, Overmars [10] showed that h(6) ≥ 30 (if it exists). In this paper, we prove the following theorem which implies that every sufficiently large planar point set in general position contains the vertex set of an empty convex hexagon.
Theorem 1 h(6) ≤ g(9).
The above bounds yield 129 ≤ g (9) ≤ 1717. Note that there exist sets of points without empty convex hexagons that have eight points on the convex hull [10] .
Overview of the Proof
Proof In the following, let X be a finite planar set of points in general position that contains the vertex set of a convex 9-gon. By the Erdős-Szekeres theorem [5] this is always the case if |X| ≥ g (9) . Let H ⊆ X be the vertex set of a convex 9-gon in X with the minimum |X ∩ conv(H )|, where conv(M) denotes the convex hull of the set M. Let I := conv(H ) ∩ (X \ H ) be the set of points of X inside the convex hull of H . Note that conv(I ) is a convex polygon and denote by ∂I its vertex set. If |I | > 2, let J := conv(I ) ∩ (X \ ∂I ) be the set of points of X inside the convex hull of ∂I . Note that conv(J ) is again a convex polygon and denote by ∂J its vertex set; see Fig. 1 . Let i := |∂I | and j := |∂J |. Note that 0 ≤ i, j ≤ 8 as otherwise there would be a 9-gon H with smaller |X ∩ conv(H )|. This leaves the 57 cases 0 ≤ i ≤ 2 and (i, j ) ∈ {3, . . . , 8} × {0, . . . , 8}. We argue that in each case either an empty convex u-gon can be found (u ≥ 6) or a convex 9-gon H with smaller |X ∩ conv(H )| is present which contradicts the minimality condition imposed on H . (More precisely, the vertex set of an empty convex u-gon can be found. In the following, we do not make this distinction when the meaning is clear from the context.) Table 1 Overview of the proof structure: for example, the proof for the case (8, 5) is given in Sects. 6 (special case) and 10 (general case) 0  1  2  3  4  5  6  7  8   0  3  --------1  3  --------2  3  --------3  4  4  4 
Notation
We use (i, j ) to denote a specific case, where i and j are defined as above. Sometimes we use the notation (i, j, k), where k refers to the number of points of X inside the convex hull of J ; that is, the cardinality of K := conv(J ) ∩ (X \ ∂J ). The notation ≥ x indicates that x is a lower bound for i, j or k. Refer to Table 1 for locating the proof of a specific case.
Definitions
Given three points in general position, P , Q, R, define the halfplane H P Q (R) as the open halfplane defined by the line P Q that contains R. A convex chain is a set of consecutive vertices of a convex polygon. Given a convex chain of three points, ABC, the 3-sector specified by this chain is defined as
C}).
Note that three points in general position, S, T , U , lying in (ABC) can be used to construct a convex hexagon if A, B, C ∈ (ST U ); see Fig. 2a . Given a convex chain of four points, ABCD, the corresponding 4-sector is defined as
Note that two points, S, T , lying in (ABCD) can be used to construct a convex hexagon if the line ST does not intersect conv({A, B, C, D}); see Fig. 2b . This means that by construction, given an edge P Q of conv(I ) (respectively conv(J )), at most three vertices of conv(H ) (respectively conv(I )) can lie in an open halfplane that is defined by the line P Q and does not include any other point of I (respectively J ) if no empty convex hexagon is to occur. In the following figures, we use the notation (P Q) to hint to this fact; see Fig. 2c .
Finally, given a convex chain of five points, ABCDE, the corresponding 5-sector is defined as 
Elementary Cases
Note that the cases (0, 0), (≥ 6, 0) and (≥ 3, ≥ 6, 0) are trivial as an empty convex hexagon is present. The cases (1, 0) and (8, 1) can be dealt with by considering a line through the single interior point and one of the vertices of the convex 9-respectively 8-gon. Due to the general position, on one side of this line a convex chain of four vertices must be present which together with the two preselected points can be used to construct an empty convex hexagon. A similar argument settles the cases (2, 0), (8, 2) and (7, 2).
The Cases (3, ≥ 0) and (≥ 6, 3)
We approach the cases (3, ≥ 0) and (≥ 6, 3) in two batches:
4.1 The Cases (3, ≥ 0) and (8, 3) Follow the notation as indicated in Fig. 3 . The variables stand for the number of vertices of the convex 9-respectively 8-gon in each sector. Assume that no empty convex hexagon is present. Note that
by construction and as otherwise a convex chain of four vertices together with two vertices of the triangle could be used to form an empty convex hexagon. Also,
as otherwise a convex chain of three points together with two vertices of the triangle and either the third vertex of the triangle or (if existent) one of its interior points can be used to form an empty convex hexagon. Summing up the upper bounds in (4.1-4.4) yields
Therefore, at most seven vertices can be placed around the triangle and in the two cases at hand an empty convex hexagon is present.
The Cases (6, 3) and (7, 3)
The cases (6, 3, 0) and (7, 3, 0) can be settled by a careful investigation of the (a 1 , b 1 , a 2 , b 2 , a 3 , b 3 )-tuples that are feasible for the set of constraints (4.1-4.4). Note that tuples (a i , b i , a i+1 ) with a i = a i+1 = 0 are not feasible, as a convex 9-gon H with smaller |X ∩ conv(H )| could be constructed; see Fig. 4 . In Fig. 4a , replace the vertices of the 9-gon lying in the union of sectors (AQB) and (BRC) (at least one by construction and at most four in total if no empty convex hexagon is present) by points from the convex chain AQRC of length four. In Fig. 4b , accordingly replace the at most four vertices of the 9-gon lying in the union of sectors (AQB 1 ), (B 1 QP RB 2 ) and (B 2 RC). (1, 1, 1, 2, 0, 2), (1, 1, 1, 2, 0, 1) and (1, 0, 1, 2, 0, 2); see Table 2 . These can be treated individually as follows:
• The subcase (2, 0, 1, 2, 0, 1) can be treated as indicated in Fig. 5 . Here and in the following, numbers indicate the number of vertices of the outer polygon that can lie in each sector without forming an empty convex hexagon. As the union of sectors allows for at most eight points in convex position in the outmost layer, due to the presence of a convex 9-gon an empty convex hexagon must occur.
• Figure 6 indicates how to settle the subcase (1, 1, 1, 1, 1, 1) , provided the vertex Q of triangle P QR lies inside the triangle BDF . In that case the quadrilateral BQDC exists. Similarly we can treat the case that some other of the points P , Q lies inside the triangle BDF . If none of the points P , Q, R lies inside the triangle BDF , the empty convex hexagon P BQDRF occurs.
• Figure 7 indicates how to settle the subcase (1, 1, 1, 2, 0, 2), provided that the point Q lies outside the triangle BCD. In that case the quadrilateral CBQD exists. If Q lies inside the triangle BCD, the empty convex hexagon BQDERP occurs.
• The subcase (1, 1, 1, 2, 0, 1) can be treated as indicated in Fig. 8 .
• Figure 9 indicates how to settle the subcase (1, 0, 1, 2, 0, 2).
The proof for the cases (6, 3, ≥ 1) and (7, 3, ≥ 1) is given in the following Sect. 5.
The Cases (4, ≥ 0) and (≥ 7, 4)
The cases (4, ≥ 0) and (≥ 7, 4) can be dealt with simultaneously in three steps: 
Step 1a
First, consider the cases (4, 0) and (8, 4, 0). We use the same type of approach as in Sect. 4 . Following the notation as indicated in Fig. 10 , where variables again refer to the number of vertices of the 9-respectively 8-gon lying in each sector, we arrive at the set of inequalities 2) if no empty convex hexagon is to occur. (Vertices lying in more than one sector are assigned arbitrarily to one particular sector they lie in and therefore only counted once.) If no empty convex hexagon is to be present, the constraint
must also hold. By summing up the upper bounds in (5.1-5.3), it follows that at most seven vertices can be placed around the 4-gon, a contradiction in these two cases.
Step 1b
We next consider the case (7, 4, 0) and evaluate the feasible solutions to the set of constraints (5.1-5.3). By symmetry, any feasible (
must also satisfy the following set of inequalities: B and C both lie in (P SQ) or both lie in (QSR), an empty convex hexagon occurs (ABCQSP and BCDRSQ respectively). Again, this is indicated by the arrows.
Step 2
Now we investigate the cases (4, 1) and (8, 4, 1). Consider the sectors occurring when rays emanate from the single point in J (respectively K) through the vertices of the convex 4-gon. Each of the four sectors can only contain two vertices of the convex 9-respectively 8-gon as otherwise an empty convex hexagon could be constructed. Since 4 · 2 < 9, in the case of the 9-gon an empty convex hexagon must occur. The case of the 8-gon is settled with a similar sector argument on the next level as indicated in Fig. 14. 5. 4 Step 3
In dealing with the cases (4, ≥ 2), fix a point P ∈ J , construct the sectors as in
Step 2 and afterwards replace P with an appropriate point from J in each sector (if necessary). Now argue as in Step 2. Proceed accordingly in the cases (8, 4, ≥ 2) by choosing an arbitrary P ∈ K.
Remark
The approach of Sects. 5.3 and 5.4 also works straightforwardly in the cases (6, 3, ≥ 1) (as indicated in Fig. 15 ), (7, 3, ≥ 1) and (7, 4, ≥ 1) (as indicated in Fig. 16 ). Again, the idea is to fix a point P ∈ K and to create sectors from rays emanating from P that pass through the vertices of the j -gon. Argue that each of these sectors can only contain at most two vertices of the i-gon without the occurrence of an empty convex hexagon. This remains true if other points of K should lie in some of the sectors. Now create another set of sectors such that their union covers the complete region outside of conv(I ) as indicated in the figures. This approach is extended in Sect. 10 dealing with the cases (≥ 7, ≥ 5, ≥ 1).
6 The Cases (5, 0) and (≥ 7, 5, 0)
The cases (5, 0) and (8, 5, 0)
We use the same basic approach as in Sects. 4 and 5, extending the concept and notation of Figs. 3 and 10 in the natural way. We arrive at the set of inequalities
Discrete Comput Geom Fig. 15 The case (6, 3, 1)
Fig. 16
The case (7, 4, 1) if no empty convex hexagon is to be present (again counting vertices lying in more than one sector only once). This set of inequalities yields
which implies the desired contradiction that an outer convex polygon with at most seven vertices can be present.
Discrete Comput Geom This case can be dealt with as indicated in Fig. 18 . Observe that P must lie in one of the triangles ABD, BCE, CDA, DEB or EAC (as these cover the convex 5-gon). Without loss of generality P is inside the triangle ABD (as in the figure). The line P D cuts the 5-gon into the two quadrilaterals AEDP and P DCB (and one triangle). It follows that m 1 + m 2 ≤ 1 and n 1 + n 2 ≤ 1 if no empty convex hexagon is to be present. (As in previous sections, variables refer to the number of vertices of the 9-gon lying in the corresponding sectors.) This leads to at most eight points that can be placed in convex position around the 5-gon without creating an empty convex hexagon.
Discrete Comput Geom This case can be dealt with as indicated in Fig. 19 . Note that P must lie in one of the 4-gons ADEF or ABCD (as in the figure). Note furthermore that if in the latter case, P ∈ ABC or P ∈ BCD, an empty convex hexagon occurs (AP CDEF respectively BP DEFA). Therefore, assume that the convex 4-gons AP CB and CBP D exist and argue as indicated in the figure.
Discrete Comput Geom The case (6, 2) can be dealt with as indicated in Fig. 20 . Note that if four vertices of the 6-gon lie on one side of the line P Q, an empty convex hexagon can be constructed. The case (7, 1) is treated similarly. Here, one of the vertices of the convex 7-gon takes the role of P .
The Cases (5, ≥ 2)

A Key Observation
The following observation is needed in later sections.
Observation 1 Suppose that j > 2 and let 2
Denote by T n the set of vertices of the i-gon conv(I ) lying in the halfplane that is defined by the line V n V n+1 and that does not contain any other points of
Proof We prove by induction over t. We use U l (l ∈ N 0 ) to denote vertices of conv(I ). Note that |T n | > 0 for all n by the definition of J .
Let t = 2. Assume that T 1 =: {U 1 }; see Fig. 21 . We claim that at most four vertices of the 9-gon can lie in the union of the 3-sectors
where U 0 and U 2 are the vertices of conv(I) preceding and succeeding U 1 . (Note that U 0 = U 2 as we presume t < i.) The bound follows directly if no other point of J lies within the triangles
such that the corresponding triangles U 0 V 1 U 1 and U 1 V 2 U 2 do not contain any points of J . Note that these 3-sectors cover the region outside of conv(I ) that was originally covered by
(In fact, they cover a larger region.) Each of them allows for at most two vertices of the 9-gon without the occurrence of an empty convex hexagon and the claim follows. 
that can hold at most one vertex of the 9-gon each if no empty convex hexagon is to occur; see Fig. 22 .
Note that at each step the construction is well-defined by the induction hypothesis. We can construct the 4-sector (
In the second case, it follows that | p m=1 T m | ≤ p. In both cases, the induction hypothesis implies that a 9-gon H with smaller |X ∩ conv(H )| can be constructed.
Therefore, the 4-sectors can be constructed as described. Finally construct the 3-sector (U t−1 V t U t ) that can hold at most two vertices of the 9-gon without the Discrete Comput Geom 
Replacing these vertices by points from the convex chain U 0 V 1 V 2 · · · V t U t of length t + 2 yields a 9-gon H with smaller |X ∩ conv(H )|.
The Cases (5, ≥ 2)
Consider the line through two consecutive vertices of conv(J ), say P and Q, and let T P Q be the set of vertices of the convex 5-gon lying in a halfplane that is defined by the line P Q and that does not contain any other points of J . (This halfplane is unique if |J | > 2.) Consider possible values for |T P Q |:
• |T P Q | = 0: This case is not possible by the definition of J .
• |T P Q | = 1: In this case, a 9-gon H with smaller |X ∩ conv(H )| can be constructed. Set t = 2 in Observation 1.
• 2 ≤ |T P Q | ≤ 3: This is the assumption for our subsequent considerations.
• |T P Q | > 3: In this case, an empty convex hexagon can be constructed by using a convex chain of four vertices of the 5-gon together with P and Q. and consider the following three possibilities:
In this case we can choose consecutive vertices A, B, C, D of the 5-gon such that A, B ∈ T P Q and C, D ∈ T QR . Label the remaining vertex of the 5-gon E. Construct the two 4-sectors (AP QB) and (CQRD) that can hold at most one vertex of the 9-gon each without the occurrence of an empty convex hexagon. Next construct the 3-sector (BQC) that can hold at most two vertices of the 9-gon if no empty convex hexagon is to occur. Construct furthermore the two 3-sectors (DRE) and (EP A). Note that the union of these five sectors covers the complete region outside of conv(I ); see also Fig. 23 . Each of the two latter 3-sectors can hold at most two vertices of the 9-gon without the occurrence of an empty convex hexagon. (If necessary, replace R (respectively P ) by appropriate R ∈ J ∩ DRE and P ∈ J ∩ EP A to obtain new 3-sectors (DR E) and (EP A) such that the corresponding triangles DR E and EP A do not contain any points of J as in the proof of Observation 1.) It follows that at most 2 · 1 + 3 · 2 = 8 vertices of the 9-gon can be placed around the 5-gon without the occurrence of an empty convex hexagon. Note in particular that the case (5, 2) is covered by the argument in this subsection.
|T PQ ∪ T QR | = 3
The case |T P Q ∪T QR | = 3 can be treated by the same approach as in the previous subsection. Choose consecutive vertices A, B, C of the 5-gon such that A, B ∈ T P Q and B, C ∈ T QR . Label the remaining vertices of the 5-gon D and E such that the vertices C, D, E are consecutive. Construct the two 4-sectors (AP QB) and (BQRC). Next construct the 3-sectors (CRD), (DRE) and (EP A). As above, replace the points R and P by appropriate points in J and modify the 3-sectors if necessary. Again, we arrive at the contradiction that at most 2 · 1 + 3 · 2 = 8 vertices of the 9-gon can be placed around the 5-gon without the occurrence of an empty convex hexagon.
|T PQ ∪ T QR | ≤ 2
This case leaves the possibility of constructing a 9-gon H with smaller |X ∩ conv(H )|. Set t = 3 in Observation 1.
The Cases (6, ≥ 4)
The approach is similar to the one in Sect. 8. The key idea is to partition the region outside of conv(I ) into two 3-sectors and four 4-sectors. Each 3-sector is defined by two consecutive vertices of the 6-gon and one vertex of conv(J ). It can hold at most two vertices of the 9-gon if no empty convex hexagon is to occur. Each 4-sector is defined by two consecutive vertices of the 6-gon and two consecutive vertices of conv(J ). It can hold at most one vertex of the 9-gon without the occurrence of an empty convex hexagon. It follows that a total of 2 · 2 + 4 · 1 = 8 vertices of the 9-gon can be placed around the 6-gon without the occurrence of an empty convex hexagon.
Consider a chain of consecutive vertices of conv(J ), V W XY Z, where V = Z if j = 4. Define the sets T V W , T W X , T XY and T Y Z as in Sect. 8 (that is, T V W is the set of vertices of the convex 6-gon lying in the halfplane defined by the line V W that does not contain any other points of J , etc.). As in Sect. 8, we assume that
W ), (W, X), (X, Y ), (Y, Z)}).
(9.1) By setting t = 3, 4, 5 in Observation 1 (Sect. 8), it follows that we may also assume that
2)
3)
with (K, L, M) ∈ {(V , W, X), (W, X, Y ), (X, Y, Z)} (in (9.2)) and (K, L, M, N) ∈ {(V , W, X, Y ), (W, X, Y, Z)} (in (9.3)). Note that (9.4) also holds in the case (6, 4), where Observation 1 does not apply (since t > j). Note furthermore that by construction it is not possible that there is a P ∈ T KL ∩ T MN with P ∈ T LM ((K, L, M, N) ∈ {(V , W, X, Y ), (W, X, Y, Z)}).
We now give an explicit construction for the two 3-sectors and the four 4-sectors. A concrete example can be found in Fig. 24 . The combinatorial subcases are depicted in Fig. 25 . 
3) implies E ∈ T XY . Construct the three 4-sectors (BV W C), (CW XD) and (DXY E). Next, construct the 3-sector (AV B). (Replace V by an appropriate V ∈ J ∩ AV B if necessary.)
• If E ∈ T Y Z then (9.4) implies F ∈ T Y Z . Construct the 4-sector (EY ZF ) and the 3-sector (F ZA). (Again, replace Z by Z if necessary.)
) In this case construct the 3-sector (EY F ) together with the 4-sector (F Y ZA).
In both cases we arrive at a set of four 4-sectors and two 3-sectors as claimed.
In the following cases, assume that A ∈ (T V W ∪ T W X ). (2) E ∈ (T XY ∪ T Y Z ).
This case is symmetric to the previous one. Therefore, in the following assume that E ∈ (T XY ∪ T Y Z ). Fig. 25b . It follows from (9.1) that E, F ∈ T V W .
( 
F ∈ T W X implies in particular that F ∈ T W X \ T V W .) Construct the 3-sectors (F W A) and (BXC) together with the 4-sectors (EV W F ), (AW XB) and (CXY D). It follows that D ∈ T Y Z as otherwise |T
Y Z ∪ T V W | = |{E, F }| < 3. Note that (E ∈ T V W ) ∧ (E ∈ (T XY ∪ T Y Z )) implies E ∈ T Y Z . Therefore, we
-sectors (F V W A) and (EY ZF ) together with the 3-sectors (AW B) and (DY E).
In each case, we arrive at a set of four 4-sectors and two 3-sectors that cover the complete region outside of conv(I ) as claimed. 
T W X ∩ T XY
• D ∈ T Y Z ∧ A ∈ T V W . It follows that E ∈ T Y Z as otherwise |T XY ∪ T Y Z | < 3. Accordingly, F ∈ T V W as otherwise |T V W ∪ T W X | < 3
. Construct the 4-sectors (DY ZE) and (F V W A) together with the 3-sector (EZF ). (Replace
Z by an ap- propriate Z if necessary.) • D ∈ T Y Z ∧ A ∈ T V W . As in the previous case, construct the 4-sector (F V W A). If E ∈ T XY \ T Y Z it follows that |T Y Z ∪ T V W ∪ T W X | = |{A, B, F }| < 4. Therefore, assume that E ∈ T Y Z . It follows that F ∈ T Y Z as otherwise |T Y Z | < 2
. Construct the 3-sector (DY E) and the 4-sector (EY ZF ).
• D ∈ T Y Z ∧ A ∈ T V W . This case is symmetric to the previous one.
•
Note that this case is not feasible as it would imply |T
In each feasible case, we can construct the six sectors as claimed above.
The Cases (≥ 7, ≥ 5, ≥ 1)
Up to this point, we have settled all cases except for (≥ 7, ≥ 5, ≥ 1). These cases, except for three special cases (see below), can all be settled via the same set of arguments. As above, let K := conv(J ) ∩ (X \ ∂J ). Fix a point P ∈ K. Consider rays emanating from P through each vertex of the convex j -gon conv(J ). This divides the region outside the j -gon into j sectors and in each sector at most two vertices of conv(I ) can lie without forming an empty convex hexagon. (To see this, construct 3-sectors and replace P by an appropriate P ∈ K where needed.) Consider all possible vertex distributions. (These are summarized in Table 3 .) We want to partition the region outside the convex i-gon conv(I ) into sectors and to show that in each case at most eight vertices of the 9-gon can be placed inside the union of these sectors without creating an empty convex hexagon. The following three simple rules are sufficient to prove this:
The First Rule
The first rule deals with two vertices of conv(I ) lying in the same sector. 
Rule 1 Let
The Second Rule
The second rule gives an upper bound on the number of vertices of the 9-gon that can lie between two non-empty sectors. 
Rule 2 Let
Application of Rules 1 and 2
The first two rules are already sufficient to settle the cases (7, 5, ≥ 1) with distributions (2, 2, 2, 1, 0), (7, 6, ≥ 1) with distributions (2, 2, 2, 1, 0, 0), (7, 7, ≥ 1) with distributions (2, 2, 2, 1, 0, 0, 0), (7, 8, ≥1) with distributions (2, 2, 2,1, 0, 0, 0, 0), (8, 5, ≥ 1) with distributions (2, 2, 2, 2, 0), (8, 6 , ≥ 1) with distributions (2, 2, 2, 2, 0, 0), (8, 7, ≥ 1) with distributions (2, 2, 2, 2, 0, 0, 0) and (8, 8 , ≥ 1) with distributions (2, 2, 2, 2, 0, 0, 0, 0). To see this, apply Rule 1 whenever two consecutive vertices of conv(I ) lie in the same sector. Note that two such vertices correspond to a 2 in the underlying distribution. For consecutive vertices of conv(I ) lying in distinct sectors, apply Rule 2. Note that in the cases at hand, Rule 2 needs to be applied exactly four times as there are always exactly four non-zero entries in the corresponding distribution sequences. It follows that at most 4 · 2 = 8 vertices of the 9-gon can be placed without the occurrence of an empty convex hexagon. An example is given in Fig. 28 . (A 1 a 2 A 2 ) . If necessary, replace a 2 by an appropriate a 2 ∈ A 1 a 2 A 2 to obtain a new 3-sector (A 1 a 2 A 2 ) with no points of J lying in A 1 a 2 A 2 . Together, the 4-and the 3-sector cover (at least) the region of (A 0 a 1 A 1 ) ∪ (A 1 a 2 A 2 ) . This is clear for points lying in (A 1 a 2 A 2 ) since (A 1 a 2 A 2 ) covers (at least) this region. Note that there cannot be a point 0 a 1 b 1 A 1 ) . Such a point would have to lie in the shaded region in Fig. 30 . If a 2 lies to the right of 2 A 2 ) and we could have chosen a 2 := b 1 . The 4-and the 3-sector allow for at most 1 + 2 = 3 vertices of the 9-gon without the occurrence of an empty convex hexagon.
For the induction step, assume that the claim is true for 1, 2, . . . , n − 1. By the induction hypothesis, we know that at most (n − 1) + 2 vertices of the 9-gon can lie in the union of sectors n l=1 (A l−1 a l A l ). At most two additional vertices of the 9-gon can lie in the sector (A n a n A n+1 ) \ n l=1 (A l−1 a l A l ) without the occurrence of an empty convex hexagon as it is part of the 3-sector (A n a n A n+1 ). Therefore, the number of vertices of the 9-gon that can lie in the union of sectors It follows that A 0 must lie below the line a 1 b 1 and A n+1 must lie below the line a n b n as otherwise one could again replace one of the 3-sectors (A 0 a 1 A 1 ) and  (A n a n+1 A n+1 ) by the 4-sector (A 0 a 1 b 1 A 1 ) respectively (A n a n b n A n+1 ) as above. This sector could hold only one vertex of the 9-gon (without the occurrence of an empty convex hexagon) and the union of all sectors would still cover the same region.
This implies | n l=1 T a l b l | = n < n + 1, though, and a 9-gon H with smaller |X ∩ conv(H )| can be constructed by Observation 1. To see this, note that a 1 , b 1 , a 2 , b 2 , . . . , a n , b n are part of a chain of consecutive vertices of conv(J ) of length L ≥ n + 1. Therefore, the claim follows.
Application of Rules 1-3
Based on the three rules we can now settle all the remaining subcases of (≥ 7, ≥ 5, ≥ 1) with the exception of (7, 7, ≥ 1) with distribution (1, 1, 1, 1, 1, 1, 1), (7, 8 , ≥ 1) with distribution (1, 1, 1, 1, 1, 1, 1, 0) and (8, 8 , ≥ 1) with distribution (1, 1, 1, 1, 1, 1, 1, 1) . (These cases do not allow for a direct application of Rule 3. They are treated individually in the following subsections.) In the other cases, at least one 2 appears in the distribution sequence. We can argue as follows:
Whenever two consecutive vertices of conv(I ) lie within the same sector, apply Rule 1. Note that two such vertices correspond to a 2 in the underlying distribution. No vertices of the 9-gon can lie in the corresponding sectors. Now take maximal series of consecutive sectors containing at most one vertex of conv(I ) each and apply Rule 3 (respectively Rule 2 if none of them contains a vertex). The number of vertices of the 9-gon that can lie in the union of all corresponding sectors is equal to q + s · 2, where q is the total number of 1's in the underlying distribution and s is the number of distinct series. Note that s is equal to the number of gaps between two occurrences of a 2 in the distribution sequence. As this number is equal to the number of 2's in the sequence, it follows that q + s · 2 is equal to the sum of the elements of the distribution sequence. It can easily be verified that this sum is always smaller than 9. Therefore, in all these cases an empty convex hexagon occurs. (An example is given in Fig. 31.) 10.6 The Case (1, 1, 1, 1, 1, 1, 1) This case can be dealt with by applying Rule 3 with n = 5 seven times with each vertex of conv(I ) as a starting point. Each 3-sector (A r−1 a r A r ) is left out exactly once. Therefore, in the union of all sectors at most (7 · (5 + 2))/6 < 9 vertices of the 9-gon can lie without the occurrence of an empty convex hexagon. (1, 1, 1, 1, 1, 1, 1, 0) For the case (1, 1, 1, 1, 1, 1, 1, 0) , label the vertices of the polygon conv(J ) in clockwise order a l (1 ≤ l ≤ 8) and assume that the sector (a 6 P a 7 ) is the one that does not Discrete Comput Geom 6 . Note that it is not possible that A 6 lies below the line a 1 a 8 and below the line a 6 a 7 (where below refers to the halfplane that includes P ), as otherwise a 9-gon H := (a 8 a 1 a 2 · · · a 7 A 6 ) with smaller |X ∩ conv(H )| is present.
The Case
If A 6 lies above the line a 1 a 8 , only one vertex of the 9-gon can lie in the then existing 4-sector (A 6 a 8 a 1 A 0 ) and therefore, without the occurrence of an empty convex hexagon, at most eight vertices of the 9-gon can lie in the union of sectors
which by construction covers the complete region outside of conv(I ).
Similarly, if A 0 lies above the line a 6 a 7 (and therefore also A 6 by construction), at most eight vertices of the 9-gon can lie in the union of sectors
(which by construction covers the complete region outside of conv(I )) without the occurrence of an empty convex hexagon.
Finally, if A 0 lies below the line a 6 a 7 and A 6 lies above it, we know that A 5 must also lie above the line a 6 a 7 as otherwise |T a 6 a 7 | < 2 and a 9-gon H with smaller |X ∩ conv(H )| could be constructed by Observation 1. Therefore, the 4-sector (A 5 a 6 a 7 A 6 ) exists, which can only hold one vertex of the 9-gon without the occurrence of an empty convex hexagon. Now, applying Rule 3 with n = 5 yields that at most seven vertices of the 9-gon can lie in the union of sectors
without the occurrence of an empty convex hexagon. Therefore, without the occurrence of an empty convex hexagon, at most eight vertices of the 9-gon can lie in the union of sectors
which by construction covers the complete region outside of conv(I ). (1, 1, 1, 1, 1, 1, 1, 1) Note that in the case (1, 1, 1, 1, 1, 1, 1, 1) , applying the induction argument with n = 6 eight times with each vertex of conv(J ) as a starting point (in analogy to our approach to the case (7, 7, ≥ 1) with distribution (1, 1, 1, 1, 1, 1, 1) in Sect. 10.6) only gives us an estimate of a total of (8 · (6 + 2))/7 > 9 vertices of the 9-gon that can lie in the union of all sectors. Therefore, a different approach for this subcase is required.
Label the vertices of conv(J ) in clockwise order as a r (1 ≤ r ≤ 8). Consider four consecutive vertices of the convex 8-gon conv(J ), a s , a t , a u and a v . Note that no vertex of conv(I ) can lie below the line a s a t and below the line a u a v (where below refers to the halfplane that includes P ) as otherwise we could use such a vertex to construct a 9-gon H with smaller |X ∩ conv(H )|. Denote by R t the region above both lines a s a t and a t a u ; see 
There Exists a Region R w with no A m Lying in It
There can be at most one such region as otherwise one could construct a 9-gon H with smaller |X ∩ conv(H )|. To see this, eliminate successively the possibilities that the next R z with this property is R w+1 , R w+2 , R w+3 or R w+4 . In the first case, |T a w a w+1 | < 2 and in the other three cases one can replace one to three vertices of the 8-gon a 1 a 2 · · · a 8 by two to four points A m in such a way that a 9-gon H with smaller |X ∩ conv(H )| appears.
Let a 1 be the vertex associated with the region that does not contain any A m . Since the existence of such a region is independent of the choice of P , we may assume that P lies in the pentagon a 6 a 2 a 3 a 4 a 5 . Such a P must exist for otherwise an empty convex hexagon appears; see also Fig. 34. (A different choice of P might result in a different distribution sequence. If this is the case, we arrive at a subcase that has already been settled.) As a consequence, at most three vertices of the 9-gon can lie in the sector (A 6 a 6 P a 2 A 1 ) as otherwise a 9-gon H with smaller |X ∩ conv(H )| could be constructed (as 5 + 4 = 9).
We claim that A m ∈ R m ∩ R m+1 for 2 ≤ m ≤ 7; that is, each A m lies above both lines a m−1 a m and a m+1 a m+2 (2 ≤ m ≤ 7, a 9 := a 1 ). To see this, start from the line a 1 a 2 and work clockwise to prove that A m is above the line a m−1 a m (2 ≤ m ≤ 7). Note that configurations, where | l−1 n=1 T a n a n+1 | < l (2 ≤ l ≤ 8) yield a 9-gon H with smaller |X ∩ conv(H )| by Observation 1 (Sect. 8). Now start from the line a 1 a 8 and work counter clockwise to prove that A m is above the line a m+1 a m+2 (7 ≥ m ≥ 2, a 9 := a 1 ).
Finally, as we are assuming that no A r lies in R 1 , it follows that A 1 ∈ R 2 and A 8 ∈ R 8 . Therefore, this case can be settled as indicated in Fig. 34 . 1, 1, 1, 1, 1, 1, 1, 1 Fig. 35 . In this case, the region outside of conv(I ) can be partitioned into eight 4-sectors (A l a l a l+1 A l+1 ) (1 ≤ l ≤ 8, a 9 := a 1 , A 9 := A 1 ) that together allow at most eight vertices of the 9-gon without the occurrence of an empty convex hexagon.
Each A m Lies in Both R m and R m+1
Again, the region outside of conv(I ) can be partitioned into eight 4-sectors (A l a l a l+1 A l+1 ) (1 ≤ l ≤ 8, a 9 := a 1 , A 9 := A 1 ) that together allow at most eight vertices of the 9-gon without the occurrence of an empty convex hexagon.
